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PREFACE 



The material appearing in this thesis was obtained primarily fro* 
Stanford University Electronic Research Laboratory Technical Reports. 

The portions of these technical reports used here were the result of 
work done in connection with the preparation of Doctors' theses by 
Ward A. Harmon^ and Hubert Heffner^, Research Associates at the FRL. 

A portion of the mathematical detail was prepared by the writer during 
his Industrial experience tour at the ERL in 1953* Appendix A is origi- 
nal with the writer and was done as an engineering assignment under the 
guidance and direction of Dr. J. L. Puts, Research Associate at the ERL. 
The remainder of the work is a graduate level follow-through of the 
technical report material previously mentioned. 

The writer is deeply Indebted to Dr. Putz and William Luebke for 
their patience and seal in indoctrinating the writer into this complex 
topic, and especially to Ward A. Harmon, who had previously blazed the 
trail, analytically speaking, and then painstakingly retraced his steps 
for the newcomer. 

And finally, for her help in preparing the manuscript, I am, as 
always, indebted to my wife. Doyen. 
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FOLDED ST RIP -LIKE OSCILLATOR 



1, Introduction 

This paper is concerned with the theoretical detail* of generating 
microwave energy by using a folded strip-line structure* 

The order of treatment will be: 

1* Introduction 

2* General discussion of periodic structure 
3* Wave characteristics used in describing 
periodic structures 

U* Space harmonic components in a folded strip- 
line periodic structure 
5* Theory of backward wave interaction 
6* Experimental data and conclusion 

Reference material is identified by a superscript numeral* This 
numeral can be matched to the source listed in the Table of References 
at the end of the text* 

Figure 1-1 is a sketch of a typical folded strip-line structure* 

A conventional parallel strip-line is also sketched for comparison with 
the physically folded form* The beam-carrying axial hole is visible* 

The folded strip- line oscillator is a traveling wave tube and therefore 
traveling wave tube theory is applicable* 

A broad-band electronically controlled oscillator idiich will be 
rugged and yet simple to manufacture and operate is needed* The entire 
art of microwave design has been considerably curtailed by the restricting 
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characteristics of the three known microwave oscillators: the triode, 

the magnetron, and the klystron* Until now, generating microwaves above 

30 KMC has been regarded as not mechanically feasible* The folded strip- 

line, backward-wave oscillator shows considerable premise in extending 

this upper limit far beyond 50 KMC. Further, a single structure design 

can be made to cover a frequency range In excess of a 3 to 1 frequency 

ratio, e*g* from 1 KMC to U KMC* Expected stability is in the order of 

1 part in 10,000, with a Ctf output in the order of several hundred watts* 

The only parameter is the electron beam voltage* There is a price, this 

time in the wide range of beam voltage required, in the higi perveance 

beam necessary, and in the difficulty in focusing the beam* 

► 

2* General Discussion of Periodic Structures 

Any traveling wave tube oscillator depends upon the energy transfer 
tfiich occurs from the relatively alow velocity election beam to the slow 
traveling wave in the periodic structure* The periodic structure is the 
essential element in the magnetron, the helical traveling wave amplifier, 
the linear accelerator, and, more recently, in the folded strip-line 
oscillator* 

It is the periodic structure which provides for propagation and yet 
modifies the manner in which the interacting beam sees the wave* A 
repetitive, equally-spaced physical change in the structure produces a 
repetitive change in the propagating wave function* This change in the 
wave function is periodic, and the generating structure is naturally 
termed a "periodic structure". As will be seen later, this periodic 
spatial change will appear as a simple mathematical change in the 
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exponential definition or the wave function* 

As a result of the physical modification in the wave form as the bean 
sees it, the van nay be analyzed into an infinite series of Fourier con* 
ponents which describe the periodic phenomenon • These Fourier components 
are determined for a given instant ef tine* The components are for a 
single frequency* They are due entirely to the physical modification of 
the mare by the structure* They are termed space harmonics * In order to 
grasp the concept of a space harmonic it is helpful to reiterate that a 
single frequency is under consideration, a single time instant is under 
consideration, and that the equally-spaced, physical disturbances in the 
periodic propagating structure are entirely responsible for the so-called 
space harmonics* 

From the Fourier analysis it has been ahowm^, that there will be an 
infinite mmber of space harmonic cc^onents for each distinct group vm* 
locity* Each space harmonic will hare a distinct phase velocity, either 
forward or backward with reference to the wave group velocity* The space 
harmonics will have component amplitudes of different magnitudes* The 
space harmonic components with the greater amplitudes are termed the 
"principal components”, and sometimes "the principal mode"^* 

It is the interaction of the electron beam with the principal com- 
ponents which have a backward phase velocity which results in microwave 
oscillations * 5 # 3 Figure 2—1 is a physical diagram taken from Heffner 3 
shoving the direction, and the backward phase velocity direction* It can 
be seen from equation (A -9) in Appendix A that the phase velocity of the 
principal backward-wave, space-harmonic component is distinct for each 
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distinct frequency. Hence, rtien the electron beam velocity is matched 
with the phase velocity of a particular principal space harmonic com- 
ponent, the distinct frequency associated with that principal space- 
harmonic component will be generated* Ihe beam velocity is directly con- 
trolled by the beam voltage, as described in the equation 

ir = 

where ir* meters per second 

yL . potential difference in volte on 
electrons in the beam 

If the beam velocity is subsequently changed, the new beam velocity will 
interact with a different backward phase velocity. This different phase 
velocity will be that of a distinct principal space harmonic corresponding 
to a different frequency. Thus a different frequency will be excited. 
Change the voltage over a given range, and the frequency will vary over a 
given ranged • In this manner, a wide band, tunable microwave oscillator 
is achieved. It has also been shown that oscillations occur only when 
beam current is greater than a certain "start oscillation" valued. Ampli- 
fication of the distinct frequency occurs for beam currents leas than the 
"start oscillation" valued • 

3* Wave Characteristics Used in Describing Periodic Structures 

A periodic structure is one which will transmit electrical energy 
but vhich has physical variations spaced at equal distances down its 
length^. Electrically expressed, these distances are termed periods. 

The types of periodic structures which may be considered are legion, but 
the helix is a good example. So is the magnetron structure, or the loaded 
wave guide. 
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In fact, the ordinary wave guide with equally- spaced inductive 
irises is an excellent device for illustrating the development of the 
periodic structure* It will be used here to illustrate the describing 
characteristics of the periodic structure* It will also be used to show 
the relationship which exists between frequency and propagation constant, 
frequency and phase velocity, frequency and group velocity, and defi- 
nition of the principal mode^-* 

Starting with the ordinary unloaded wave guide, the relationship 
between the normalized frequency, and the propagation constant 



The relationship of (3-1) is shown in Figure 3-1* Note that the ratio of 
phase velocity to that of light is available from this curve in that 



Further, the slope of the curve gives the ratio of the group velocity to 
that of light in that 



For each frequency, 0 is of the same magnitude but has either a positive 



or negative sign* The signs and magnitudes of the phase and group veloci— 
ties merely indicate identical propagation characteristics in either di- 
rection. 

Now, assume the guide has inductive irises equally spaced at a dis- 





(3-1) 




(3-2) 




(3-3) 



t&nce L along its axis • The normalised frequency versus propagation 
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constant curves will appear as In Figure 3—2^. The curve* indicate that 
there are pass bands and stop bands in the structure. Further, within a 
given pass band the curve is definitely repetitive. Since the ease re- 
lationship still exists for phase velocities and group velocities. 
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it follows that for a given frequency there are an infinite nuabor of 
phase velocities and related propagation constants all with the sane 
group velocity. These are the space harmonic components for that given 
frequency. Furthermore, it follows that there will be an Infinite msaber 
of phase velocities. This implies waves traveling in the opposite direo* 
tion to that of the energy propagation. Althou#> it is not apparent from 
the curves, it is of interest to note that the principal space harmonic 
components exist in that part of the curve which is most closely related 
to the unloaded guide^. These portions of the curves, idiich represent 
the principal components, are drawn extra heavy. The propagation con- 
stant, , can be expressed as a periodic function; that is, 

XffM 



A -A ‘ % 



3 " *- 

idiere L s the periodic spacing in centimeters 
d* ■* t integer 

But it is necessary to define ' in order to make use of this re- 
lationship. Normally, it is chosen as the smallest positive propagation 
constant, or that of the principal forward space harmonic component^. 
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For the periodically loaded guide it is easy to select since it cor- 
responds to that which is cost nearly equal to £ for the unloaded 
guide* The folded strip-line, which for the non-periodic condition is 
Merely a parallel strip-line, propagates all frequencies at the cane Te- 
locity* The non-periodic characteristics do not assist in def i n i ng • 
aust be selected from considerations of the principal backward space 
harmonic , as seen in Appendix A* 

To continue in the development of loading an ordinary wave guide, am* 
cume the irises to be increased to their limit* Then a series of walled 
cavities exists down the guide with periodicity L* Figure 3-3 shows this 
result^* For each pass band a single frequency will be propagated* This 
will be the resonant cavity frequency* This, of course, was to be expected. 
Multiple resonances are produced which correspond to the limits reached by 
the pass bands as the iris loading is increased to form a solid wall* 

If capacitive rather than inductive irises were used for the leading, 
similar results might be expected* In fact, in the limiting case, the 
string of closed cavities produced would be identical* The effect on the 
pass band curves when capacitive type irises are used as partial loading 
might occur as in Figure 3-U* This is a speculation by the writer based 
on observations for the folded strip-line which amounts to capacitive 
loading* It appears that the general effect of capacitive irises would 
be to lower the pass band frequencies, tdiile the inductive loading raises 
the pass band frequencies* 

The effect of combined inductive and capacitive loading is not fully 
understood by the writer, but aleo appears to be a fertile field for 
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further Investigation* Complete control of the characteristics of peri- 



odic structures should be attainable* 

The above discussion has presented the concept and a physical example 
of a periodic structure* It has also introduced the important character* 



and mathematically describing the electrical phenomena associated with any 
periodic structure* The grouncfcrork has been laid for proceeding to the 
mathematical analyses* 

U* Space Harmonic Components in a Folded Strip-line Periodic 
Structure 

It is possible , using Floquet's Theorem and subsequent Fourier analy- 
sis > to mathematically describe the space harmonic components which exist 
at a given frequency in a folded strip-line^-, " • 

Floquet's Theorem states that at a given frequency, for a given mode 
of oscillation in a periodic structure, the wave function is multiplied 
by an arbitrary complex constant when traveling down the structure by 
one period^* That is to say, if the wave function of a single space 
variable Jr , 



is propagated through » periodic structure with period L, then Floquet's 
Theorem states that the wave function in the structure may be expressed as 



If the structure be lossless, the complex number Y* *ay be written as 




and which are used in understanding 
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ie a function of frequency alone* The ware function 



then becomes 






(U-3) 






If a new phase constant, , is now defined such that 
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the ware function nay be written 
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It should be noted that the , here defined, is the same dis- 
cussed previously in the illustrative example of the iris loaded wave 
guide* The group velocity, , is customarily chosen so that it is 
positive in the positive 1 direction. The wave energy transfer is there- 
by assumed to be in the positive Z direction* The relationship between 



and is then 
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If Floquet's space harmonic series is written as a Fourier series, the 
magnitude of the components may be evaluated* To solve for the magnitudes, 
is described in terms of structural parameters* The principal com- 
ponent is also identified* This work is performed in detail in Appendix A* 
Since the space harmonic wave function can be expressed as an infi- 
nite trigonometric aeries of period 2<T , and since it ia continuous over 
the period with only a finite number of finite discontinuities, it may be 
written as a Fourier series* Thus, 
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In order to evaluate the coefficients of the space harmonics, the tine 
variation may be regarded as independent of spatial variation* The space 
harmonic portion of the wave function may then be expressed by 



t w = £ 4 - eM ' 






or 
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Nov, the space harmonic magnitude coefficient, * , may be evaluated for 

each n by the usual methods of Fourier analysis since both sides of equa- 
tion (l*-£) are periodic in 2 it $ First, multiplying both sides of equa- 

j ItXA in. 

tion (It— G) by 6 X*, co 

and integrating over a period L ■=: 2P, 

, /is,, 

T*> 

and solving for/t* , 

Am k //«' e J> % 



2TA. 



(U-9) 



(U-io) 



(U-li) 



-P 



vhere n ^0 ) £ I f .... t oO 

In Appendix A to this paper, tfiich is original work by the writer, 
will be found the math emat leal details of evaluating the space harmonic 
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magnitude coefficients pins the resulting definition of the space harmon- 
ic propagation constant , • Space harmonic component magnitudes are 

found to be 



and 
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a - &£ jU ~' 

/U ' L 

where n = ~£ odd Integers 
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where n - tT odd Integers 

It may be noted from equation U-ll) that the envelope of the possible 
magnitudes for the space harmonic components in a folded strip-line struo- 
tore is e type curve* Figure U-l shows the shape of such e curve* 

It is easily seen that the principal space harmonic components with a 
negative propagation constant trill occur somewhere within the range 
X 



-f < f ¥<o. 



In fact, it is possible to solve for from the relationship gov* 

eming most efficient interaction between the principal space harmonic 
component, and the electron beam* Appendix B includes the details of Har- 
mon’s^ work on optimising line spacing, Jl • The resulting value for 
is equal to 1*166 from which it can be seen, by referring to Figure U-l, 
that the optimum value with respect to the maximised gain parameter, C, 
also lies within the largest portion of the space harmonic component 
magnitude envelope* Then may be expressed in terms of the remaining 



parameters of the structure as developed in Appendix B, i«e* 
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How, in order to obtain the curves of X'/yUtvn*.^*. for a folded atrip- 
line structure* It la necessary to stucfy the relationship which exists 
between £ and /\o in equation (1-8) where 






/Th 



(1-8) 



" AoOp ^ * P* 
there n - ± odd integers 

For a given folded strip-line structure, with the structural parame- 
ters fixed, equation (l-8) may be expressed, 
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where n s ■£ °dd integers 

V: %(rur) 

Equation ( u-12) will be a series of straight lines repeating for 
different values of n as shown in Figure b-2 by the solid lines* The 
dotted lines represent the same series but for negative group velocity^. 

Practically, the structure is enclosed in a tube envelope which pro- 
duces e low frequency cut-off* 11 so, the sharp corners at tho folds 
cause stop bends to appear then the value of & described in equation 



(1-7)* 
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goes through values equal to an integral nuaber of half wave lengths of 

fV 

the frequency considered* Figure U-3 presents the actual rr +/T /V\ vs* 
plot for a folded strip-line tube for positive group velocities 7 . 
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Again, the phase Telocity is proportional to the slope of the actual 
curves. At a given frequency, it will be noted that the group velocity 
for all the space harmonic components, that is all/^ 's, is the sane, 
but that phase velocity is either positive or negative depending on node 
number* 

Some further relation chips regarding performance characteristics in 
terms of structure parameters are developed in Appendix B. The first is 
the relationship between bean voltage, /g , and principal component propa- 
gation constant, , which was A own as 
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The gain parameter was also expressed in terms of structure 
tors, and was shown to be^> 6, 

/, r MA.-j^rr«f/-3 

(L-.omc L -zrj [ RT J 

where M a _ _ . ^ 



(B-23) 



Thus, math statically, the nature of the space harmonic components in 
a folded strip-line structure has been determined, and the relationship 
between these components and structural parameters has been developed so 
that a reasonable insight nay be gained into tube design and operation* 

5. The Theory of Backward Wave Interaction 

Math cam tical analysis of backward wavs interaction is defined in 
terms of small signal theory * The current induced in the beam ie re- 
lated to the structure field* This is called the Electronics Equation* 
Then the field induced on the structure is related to the current In beam* 
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This is exiled the Circuit Equation* The Electronic and Circuit Equa- 
tions are then combined into a single fourth order differential equation* 
The solution to the combined equation will be in terms of four separate 
field*)' ^* It has been shown that one of these four defining fields is 
insignificant in magnitude^' ^ • 



The details of the Electronic and Circuit Equations , their combina- 
tion, and their solution are contained in Appendix C to this paper* Appen- 
dix C is a mathematically complete follow-through of Heffner's and Harmon's 
work in this field)' ^* The one exception is the solution to the charac- 
teristic equation (C-60) and subsequent derivation of (C— Tit ) • This the 
writer could not verify in the time available* Therefore, the results ob- 
tained by Heffner^ are indicated* 

The solution to the combined equation when only three of the four 



describing waves are considered ie 



considered ie * ^ 
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'hero the roots / 'V , are determined from the characteristic 

l ‘»t, J 

equation 






(c— 73) 



Equation (C-7U) actually is the expression for backward wave gain* 

It can be seen that gain is an interference phenomenon)' ^* The three 
waves composing the field must produce a net field which is equal to the 
applied field at the input end* It can be stated that because of this 
interference phenomenon, one or more ef the three component fields may be 
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larger than the applied field* Heffner-^ has an own that for the start 
oscillation condition, with the field reduced to zero, finite fields still 
exist on the structure* At the input end the three describing fields nov 
add up to a zero net field. Figure 5-1 illustrates Heffner's interpre- 
tation of backward wave oscillation there zero net field exists at the 
input (collector) end, while a finite net field results at the output 
(gun) end-^. 

The start oscillation conditions are defined by setting the denomi- 
nator of equation (C-7U) equal to zero, and solrlng for the roots* This 
yields the two equations 
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Heffner^ described the manner in *ich these equations may be solved in 
terns of line parameters and showed that the start oscillation conditions 
take the form which requires that 



and that 



(S-/4e)L * 



a constant 



CA/ * a constant 

This neans that there exists a frequency and current which first allows 
finite fields to exist on the structure in the absence of any applied 
field* As the beam velocity is changed, the frequency must also change in 
order that the synchronous velocity difference, t)t r«ain constant* 
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Since the bean Telocity ie proportional to the square root of the bean 
voltage, electronic toning results* Heffher has shown^ that for oscil— 
Lations to exist, the bean current mist be greater than a computable 
"start oscillation" value* He has also shown that for predictable elec- 
tronic tuning the bean current must remain constant* 

6* Experimental Data and Conclusion 

It has been shown how a slow- traveling backward wave is produced 
using periodic disturbances in a propagating system* The nature of the 
space harmonics on the folded strip-line has been mathematically analyzed. 
Finally, the interaction of the structure field and electron beam has 
been analysed in order to show that oscillation is an interference phe- 
nomenon* Oscillations could be regarded as the result of Incremental 
feedback with built in phase compensation. The dependency of oscillation 
frequency on beam voltage has also been shown* At the Stanford Univer- 
sity Electronics Research laboratory. Puts and Luebke have constructed 
several folded strip-line structures and tested them both as amplifiers 
and more lately as oscillators, and have verified the theory discussed 
herein^* U Although military security restrictions prevent the use of 
exact quantities, relative curves of performance are presented in Figure 
6-1* These curves, showing relative frequmicy vs. relative beam voltage 
for several relative beam currents, may be observed to display the charac- 
teristics theorized above* These curves represent operation with the 
principal backward mode being that where n - -1, and for the first pass 



band 



fisceso i-d ?o Jwi w.’/pi! *tLi i t-r r jr,noi.hoqov q n.l \3inoitr* s.jx*1 «i 4 st»at*3 
~.Qy«o *;ot - A.f. i ««•; v»r&l» A ,o 4 .{ji «*i qtxtr&if £cv 

•JicfcJ/r^wo « fiJBxti 1 ';o «?*o'xg ecf Ju<i» j!t»'.,vffl »i»c' mi; oX t ncxfcfttX 

-pain #Js!K>')piL«s'.q vot ix/d wwoffc or./*, »*‘d »:V „*>/; J>y 'X'KjiXei.Uarn ch-r is" 

joj iMWBM; ifcofe 4/*k‘rii,ra r^f>d aid oinwjJ' 



t»i«f/.l<wsr:0 Jhr.* /utrtu /-yinwhwfjiK *6 

#-**»** 4 ^ 



•# ‘*S •- » *>'«»««# #A* 



l«>O f 4 .'o*:<“ aJS: svr; Jnxurifoact 30 i .?»'» ' / i J^c Xtt e. iawufe $& 

etJ 4 *c auj'Jyj’i »4T ♦ •<c$a\a gxtiis^/K-ttv.; x ;v: aeac.rcfvo.J'e.c^ siboimr.; 

•kmtrxJLiHyk uoc<f a»« anX^pn.ir. hQkt.4% t& m Balncwry^rf •«#«** 

aro n/vjif Jbxii* h/ss.ct »•;„•.'$ oovit arU to tw ortf ^I'Smix^ 

«pm‘smy.^ni(d: r.« sX rto^ XvUo ic X.crlJ' w;;ta c j *s«ifc , xo id xaseif 

Ijcdw*w»*x:H»i: to iXtW.sk':? t*ri* s/j ©d WJxoo aooid’MiXtonO *no«a«:ofi 

rioX4.fiJUJ.36o to <.;«►£-» fcdX *r:o.;-.ixouao»<iO /:•.?: xfcfrjt 1 * 

Jbw’Xnsid r>d<i JA .Merritt no«c» oal* c*r! r>jj*r4iorv iwcd m> ^ar.a&’jsfyil 
fc»4ax. - iia««o wvxjI i!*w ,v&/ l i rto*u-.4HMjJ4 co-cnc'x/o&Jli \.ii:r. 

//<,'>£ a« iUcd At;* s*^/JairjXs s&h.l*-c;.i*j:;hs Jbafeiot ijrjaivoa 

Jrousirassijb 5®irtX“jfcv s/nd Xpr*, K z.‘zn$n£XJ:o*a «.:» ij.tJeX s'scmr iw« 

« '» ^3 

to srw i>d$ imx-arjc; «,’toi.?r.sJ7.4er,'i; r, x^o/^IA »* * 

eiX o'x/t •SiosL&tifZiSi'ifMi *io GvViuP rfvX •'*• f.ift't io-sucn 

ej»^4.rcv j'w<3K«d st/j/.Xoi *nv >pnt'o/>V)cl rjnini'u/.f': ,«wwo *«o.'ET »X-o 

-otruu.'b *t& \alr{dj,i> <;4 X^TseccSo e**J t;,?« rjyed &e£Srl9’3 Ijrrov»* *xot 

urd *».%)/ Xoae. »*;(**»'; ao'rsvp taaiTI *&vodje fc«£.Sv'J»rfd 

syjpc/ 4«*jLct odw *iot hxw; ^X- ;; 4/oiX ^aXwcT sv^osi I&i.Lctff/.*** 






. 










In conclusion, it nay be predicted that as development on this and 
other space harmonic oscillators continues, microwave techniques may soon 
feel the impetus of a new development no less significant than that of 
the transistor in connection with low frequency circuitry* 
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APPENDIX A 



Evaluation of the Fourier Coefficients for the Space Harmonic 
Components In a Folded Strip-Line Structure 

The evaluation of the Fourier coefficient which expresses wave 

propagation in a folded strip-line structure. Equation (U-ll) 

P 



4* = jp e J/ ^Va 



(U-ll) 



requires that be evaluated within the period -? to P. Figure A-l is 

a schematic of the folded strip-line with appropriate dimension and with 
the axial coordinate directions* 

Within the period -? to P, will then bei 
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where phase shift between successive gaps* 



Then substituting in Equation (U-U), 
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Now, in order to further simplify and subsequently solve for A /VV , let 
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(Selected period L - 2P in this case) 
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This requires that 




It is desirable to 



express in ter® s of the parameters of the 



structure* This may be done if it is asswed that the wave energy propa- 
gates within the strips* This will occur if the strips are wide enough 
and the frequency high enough* From experience this condition exists for 
parallel strip lines where the characteristic Impedance is less than 100 
ohms. The characteristic Impedance is expressed as 



It is also assumed that there are no other conductors in the vicinity of 
the fringing fields, such as placing a folded strip in a wave guide* This 
is exactly what is done when building the oscillator* It does not appre- 
ciably change the results obtained, however, if the sides of the enclosing 
wave guide are reasonably remote from the structure* It is further as- 
sumed that there are no effects due to the sharp corners at the bends* 

The phase shift between gaps, , is regarded entirely as if the 
wave were propagating down an unfolded strip-line* It may be expressed 
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there line spacing 

and line width 
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there ^f> /Ho a re unfolded strip— line wave propagation 

characteristics at the given frequency 



and P, H are folded line structure parameters 
(see Fig* A-l) 
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where h**J is defined as the slowdown factor of the 
structure^ 

Then becomes. 
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Or rewriting equation (A-ll) in terms of the line parameters. 
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harmonic component la a function of the type , Only odd space bar- 

monies exist for the folded strip-line structure. In solving for the 
magnitudes of the space harmonic components, the propagation constant, , 
is defined in terms of the folded strip-line structural parameters. 
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APPENDII B 



Optimized Structural Parameters Utilized In Design of a Folded 
Strip-Line Oscillator 



B-l Optimizing L In Tonus of Gain Parameter, C 



The relationship which describes the interaction between an electron 
bean and the principal space harmonic component is given by J . R. Pierce^ 
*®» . c 2 
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where C - gain parameter depending upon circuit 
_ and bean inpedance 

/uL. \ 

3 f °j 1 circuit Inpedance (parameter) 

(v?) = b “* Inpedance 

E-»k = field magnitude 
V - power flow in circuit 

Then assuming that only the principal space harmonic component is 
important, and substituting for the magnitude of the principal component 
from equation (A-ll)^, 
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In order to ■axiaise T^with respect to v , the partial with respect 
to t mist be equated to 0, as follows, 
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Then, if the value of x in terns of the structural parameters is 
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substituted into equation (&-10), will be given by 
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Now, must equal -1 in order that the principal backward space har- 
monic *ay fall within the largest portion of the envelope of tkx. 
function (See Fig* l*-l)* Then assuming, as in Appendix A, that and 

are equivalent to those occurring in a parallel strip line with unity 
dielectric constant, it follows that, 
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B-2 Beam Voltage in Tents of Space Harmonic Propagation Constant 

Since, for interaction, the electron velocity aay be considered equal 
to the phase velocity, the propagation constant maj be expressed^. 
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B-3 Gain Parameter in Tents of Folded Strip-Line Structure 
Parameters 
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In equation (B-l) the gain parameter, C, was expressed in terns of 
structural parameters* Then from equation (A-ll) the Magnitude of the n^ 1 
space harmonic may be expressed. 








K Vf * 



(B-20) 



Then utilising the value of 
follows that, 




as expressed in equation (B-19), it 



Then, 



TF~ 






2.2*0 •» 2 y^rr 



£ 



(B-21) 



/j i , -L , r a 

' V ' *♦ Cf.r* R5 



and^ 



- i?.t !•* 

tv u, 



(B-22) 



(B-23) 



L_ 



■. » / 



i < */■ * 

• i’— ' • it u . 

•, ■ j ■ 






) 



* • .j i»1 ■'W t U ('< i ; i<Jir «:J- «./- ) .vv , ■ u 

a«Vi 'lo •»> 1 QI-+ C. (!•-•.) * .Xl//* 1fc'/7 ii: V . : *«**. 

t >- . " • -•« <f oJn*-” v*ri • *® ►. 



- ; 



‘•A • 



W j * tj*;. •• at ■■ n •}. lo ouU *ziJ j. • - :Jt r .- .*"j ■ * 

t A v .* )■:. 

s - ) 




APFQJDU C 



Quantitative Analysis of Backward Wave Interaction 
C-l Introduction 

Quantitative analysis of backward wave interaction can be accon- 



The circuit-beam interaction of the dual phenomena which occurs is mathe- 
matically described, and later combinod into a single relationship* The 
dual phenomena may be separately regarded as: 

1* The Electronic Equation — The current induced in the electron 
beam is related to the field on the structure* 

2* The Circuit Equation — - The field induced on the structure is 
related to the current in the beam. 

C-2 Development of the Electronic Equation 

The force equation, fj «a, may here be applied to describe the effect 
of tho structure field on the electron beam* 
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Harwell's continuity equation states that 
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Now, the average electron bean propagation constant aay be defined in 
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Also, if the total field £fty is assumed to be composed of the exciting 
field on the circuit, , plus the field due to all the electrons in 

the spaco charge adjacent to point being considered, then 
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But, again fro* Maxwell's equations, the space charge field aa y be de- 
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Again, since the only space variable is j* , 
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and substituting fro* the continuity equation 
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Mow If the boundary conditions for , the plan* there the boa* enters 
the structure, are studied it will be seen that there are no a*c* com- 
ponents of current or bea* Telocity and therefore, 
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will be zero at and the constant of integration will be zero thus: 
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Also, if a quantity h, temed the plasma wave number, ie defined as 

, <g/£ (C— 33) 

the original force equation may be simplified as follows. 
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This is the Electronic Equation* 



(c— 35) 






C-3 Development of the Circuit Equation 

In describing the field induced on the circuit due to the current in 
the bean, the following assumptions are made t 

1* The only fields interacting with the beam are those associated 
with the space harmonic component which has its phase velocity 
close to the electron beam velocity* 

2* A single mode is propagating on the circuit and has opposite 
group and phase velocities* 

For propagation in the positive % direction, A~'\0 such that 
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& will be a positive number* 

U* The line ie perfectly terminated at each end* 

5* A source exists at xc'L end, as shown, such that a longitudinal 
field E c exists at % -L. 

If an infinitesimal source generator, an infinite number of 

which lie along the beam, is defined in terms of the current at a point, 
such that 
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Now, the field at any point ? will be the sum of the effects from 
the distributed elements plus any applied field^* Then with the 



factor understood, the total field may be stated thus: 
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Noting that the term in the brackets Is the original 
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This, of course, is equivalent to the integral equation (C-1*0) above, and 



C-U Solution of the Combined Equation 

The field on the structure, , in terms of beam-circuit parame- 
ters, may now be obtained by simultaneous solution of the Electronic 
Equation, (C-3£), and the Circuit Equation, (C-Ui) « Since each equation 
is of the second order, four solutions are to be expected* The LaPlace 
Transform will be used because of its inherent simplicity,' Then if 



it is, therefore, the Circuit Equation^* ^* 
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and the boundary conditions are 
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& [ o) c value of derivative of circuit 
field at 

The transforms of the simultaneous equations are then 
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Eliminating I(s) from equations (C-52) and (C-53), 
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The Inverse transfora nay nov be taken by the partial fraction expansion 



technique® . H ence , 
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where .. are the roots of tfctj 
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Since B(e) is of the fourth order, there will be four roots, and 
hence four exponentials in the inverse transform of equation (C-57)^* 
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Before obtaining the roots of equation (C-60), it will be better to 
evaluate the constant Er+j . The process will involve stating <• 1%/ in 
terms of Eckj using equations (C-U3) and (C-6U), and then using t'i'ij so 
stated, in the integral equation (C-39) • Rewriting equation (C-ii3) and 
substituting E(t) from equation (C-6U) , c'CtJ becomes 

^ . L C i) ^ 

c< # = — -t— S cz-) 

r/6'Z c 7 (c— 65) 
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input field end bean circuit parameters. 

With the initial condition C+j described, it only remains to solve 
equation (C~60). From the roots, the field on the structure may be 



Tine restriction prevents the continued detailed analysis which is 
the purpose of this paper. But to continue in brief: to obtain the exact 

roots of equation (C-60) it would be best to supply numerical values and 
solve for the roots using one of the well known methods. However, it has 
been shown, using suitable substitutions and variable changes, that one of 
the roots will be^' ^ 



This is based on the demonstrable assumption that K is quite sea 11, that 
is 



written-^' In order to solve for the roots, the right member of the 
equation (C-60) must be equated to zero, thus. 
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Further, if the three other roots are defined. 
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where n ;*• 1, 2, 3 



^ ~ incremental propagation constant 
then equation (C— 60) may be rewritten^ 
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where & a ( ^ -&)L 

H z ?£ x L^ 

Now if equation (C-6U) is written in terns of tho new incremental 
propagation constant, * , , and the value for £\0 as detenained in equa- 

tion (C-69) is also substituted, the total field, E(7LJ , will become-^' ^ 

kiiv *'r 
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<• 7 v. 73 

Note that 4iere t*L t is exactly equal to the applied field • 

The start oscillation condition occurs tdien the denominator of equa- 
tion (G-7U) is set equal to zero^, thus 
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If no loss is present, one root of equation (C — 73) will be reel; let this 
root be (1 • Then the remaining roots may be expressed in terms of , 
thus^ , 
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Then by substituting into equation (C-75) and equating the real and imagi- 
nary parts to zero, the start oscillation conditions may be stated 
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